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Abstract: This article is intended as a survey, updating earlier surveys in the area. Methods
of graph packing and decomposition are topics which both hold an incredibly long history. Many
of the main questions remain open, such as the ‘Hamilton Cycle Problem’ and the ‘Tree Packing
Conjecture.’ In this survey some of the fundamental findings within the field will be collated
and presented.
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Introduction to Packings - The Icosian Game

In this section, we will introduce the notion of graph packings and
decompositions. There are many varied methods available for determining
if a graph contains such structures. However, in this survey we will be
focusing only on the fundamental results. In short, a packing of a graph
G is an edge-disjoint collection of sub-graphs within G. A decomposition
of a graph G is a type of graph packing. It is a set of sub-graphs that
partition the edges of G. For the majority of this survey, we will only
be dealing with undirected graphs which do not contain any loops or
Figure 1:
An
multiple edges. Such graphs are called simple graphs. All graphs in this
example
of
a
survey are simple except in Section 3.1.
Hamilton cycle on
We will begin with an example of an application of Hamilton
a cube
decompositions. The principle of the ‘Isocian Game’ is best described
through imagining a cube. Would it be possible to visit every vertex exactly once without
traversing down any edge more than once? Empirically, we can conclude that this is possible
as shown in Figure 1. But what about other shapes with more faces? In 1857, Hamilton
explored this problem regarding dodecahedra when he invented his ‘Icosian Game’, a challenge
in which the player is presented with the task of finding a Hamiltonian cycle along the edges of
a dodecahedron [26]. We will explore Hamilton cycles and the methods of determining such
structures in Section 2, but they are essentially spanning cycles. One particular contender to
this puzzle was an American author, Gardner, who specialised in recreational mathematical
puzzles. He sought a more generalised solution and in a few months managed to prove that all
platonic solids are indeed Hamiltonian.
There have been many similar puzzles since, most of which lie
within determining optimal travel routes (such as the ‘Königsberg
Bridges Problem’, and the infamous ‘Travelling Salesman Problem.’ )
In this survey we will explore some famous results derived from graph
decompositions which assist us in answering such puzzles. This brings
us to our first and most central definition.
Definition 1. We say that a collection of graphs H = {H1 , . . . , Hn }
packs into a graph G if there are edge-disjoint copies of H1 , . . . , Hn in G.
We say H is a decomposition of G if for every e ∈ E(G), e lies in exactly
one of E(H1 ), . . . , E(Hn ).
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Figure 2:
A
solution to the
‘Icosian Game’ [26]

Figure 3: An example of a packing and a decomposition of G
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Hamiltonian Packings

Our most primitive type of packing is the containment of a single graph within G, that is when
H = {H1 }. We will begin this section by discussing the conditions required for a graph to
contain a single Hamilton cycle. A Hamilton cycle is a cycle in which every vertex appears
exactly once, and every edge appears at most once [18], similarly a Hamilton path is a path
that visits every vertex exactly once. We consider a graph G to be Hamiltonian if it contains
at least one Hamilton cycle. The problem of determining if a graph is Hamiltonian is one of
Karp’s NP-hard problems and is referred to as the ‘Hamiltonian Cycle Problem’ (HCP.)
Although Frieze and Krivelevich (2003 )depicted Hamiltonicity as ‘undoubtedly one of the
most important topics in modern graph Theory’ [12], it is worth noting that the study of
Hamilton cycles is not new. In fact, the notion of Hamiltonicity originates back to the ‘Icosian
Game’ which we discussed within Section 1. In 1987 Bollobás and Frieze [4] discussed the
abundance of applications surrounding the HCP, such as time scheduling, determining travel
routes and network topology. This pertinence within real world settings explains why the HCP
is regarded as a key area of study within decomposition theory. There are various methods
available to show that a graph cannot contain a Hamilton cycle. Collating evidence that a
graph can contain such structures is considerably more difficult, especially when considering the
prospect of a Hamilton decomposition. However, there are some useful conditions that imply
the existence of Hamilton cycles. We will cover a few in this section.

2.1

Conditions on Hamiltonian Graphs

In determining whether a graph contains at least one Hamilton cycle, a logical approach is
to attempt a systematic investigation into the structure of previously confirmed Hamiltonian
graphs. It follows from basic intuition that a graph’s ability to contain such cycles is heavily
dependant on the size and distribution of it’s edge set, and more specifically, it’s minimum
degree. In 1952 Dirac provided our first result when he presented an analogue of Mantel’s
theorem for proving Hamiltonicity within certain graphs.
Theorem 1 (Dirac, 1952). [16] Let G be a graph on n ≥ 3 vertices with δ(G) ≥ n2 . Then G
contains a Hamilton cycle.
Proof. Let G be a graph on n ≥ 3 vertices with δ(G) ≥ n2 . Assume for contradiction that G
is not connected. Then G consists of at least 2 components. We now have two cases; either
G consists of two equally sized components, or one of G’s components contains at most n2
vertices. Let C be the smallest component within G, then |C| ≤ n2 . Take any c ∈ C, then
δ(C) ≤ d(c) ≤ ∆(C). Observe,
n
n
δ(C) ≤ ∆(C) = |C| − 1 ≤ − 1 =⇒ δ(C) ≤ − 1,
2
2
since v(C) ⊂ v(G), δ(G) ≤ δ(C) and δ(C) ≤ n2 − 1 =⇒ δ(G) ≤
have a contradiction concluding that G is a connected graph.
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n
2

− 1. But δ(G) ≥ n2 , so we

We next consider the longest path P in G. Let P = {x0 , x1 , . . . , xk } . All neighbours of x0
and xk are present within P because, if this wasn’t the case, P would not be maximal. At least
n
of the vertices {x1 , . . . xk } are neighbours of x0 . Similarly at least n2 of the vertices x0 , . . . xk−1
2
are neighbours of xk . Combining these two statements and employing the use of the pigeonhole
principle we see that there is some xi ∈ P such that xo xi+1 ∈ E(G) and xi xk ∈ E(G). We
conclude that the cycle C = {x0 xi+1 xi+2 . . . xk−1 xk xi . . . x2 x1 } is indeed a Hamilton cycle.
Although Dirac’s work produced a fundamental result, it does not consider the likelihood of
Hamilton cycles occurring in graphs with minimum degree less than n2 . We question if it possible
to decrease the degree bound in Dirac’s theorem through introducing some extra conditions.
Ore, was intrigued by this prospect and in 1960 successfully generalised Dirac’s theorem. He
essentially conjectured that a graph with a sufficient number of edges must contain a Hamilton
cycle.
Theorem 2 (Ore, 1960). [18, 16] If G is a graph of order n ≥ 3 such that d(x) + d(y) ≥ n, for
every pair of nonadjacent vertices x, y ∈ V (G), then G is Hamiltonian .
Proof. Let G be a graph that satisfies the conditions of Ore’s theorem. Assume for contradiction
that G is not Hamiltonian. Form G∗ from G by inserting edges until we achieve a Hamiltonian
graph. Denote G as the graph one edge before obtaining G∗ . Since G is a maximal non-Hamiltonian
graph, theremust exist a non-closed Hamilton path within G.

Let P G : ux1 . . . xn−2 v denote this path, then the edge vu ∈ E (G∗ )\E G . If xi is adjacent
to u, then xi−1 cannot be adjacent to v. If this was the case, {ux1 x2 , . . . xi−1 vxn−2 xn−3 . . . xi u}
would be a Hamilton cycle within G. From this we deduce that d(v) ≤ (n − 1) − d(u) and
rearrange to achieve d(v) + d(u) ≤ (n − 1).
|G| = n, so the maximum degree of each vertex in G is bounded by (n − 1). We add the
constraint −d(u) to represent the number of xi s which are adjacent to u. We have proved that
v cannot be adjacent to this set of vertices. However G satisfies the condition d(x) + d(y) ≥ n,
so we have reached a contradiction. Therefore we can conclude that G is Hamiltonian.

Figure
4:
Independent
edges within Kn
depicted in red

Following from this proof, Ore became aware of another consequence.
He observed that if u and v are non-adjacent vertices and G + uv has
a Hamilton cycle, then G is Hamiltonian. This simple concept has
surprisingly far-reaching implications. For example, if we can insert
multiple non-adjacent edges to a graph G to obtain a complete graph then
we can conclude that G is Hamiltonian. This advancement encouraged
discussion between numerous graph theorists [8]. In comparison, Ore’s
result considers not only the size of each degree, but also the relationship
between every possible pair of vertices. This result was pivotal in the
study of Hamiltonian graphs. Our next result is an extension upon Ore’s
and Dirac’s theorems.

Theorem 3 (Pósa, 1962). [25] If d1 ≤ . . . ≤ dn is the degree sequence of a graph G where
di ≥ i + 1 for all i < n−1
, and if additionally, dd n2 e ≥ d n2 e when n is odd, then G contains a
2
Hamilton cycle.
Kronk provides proof of Pósa’s theorem in his 1969 paper [21], omitted here due to length.
Let G be an arbitrary graph with V (G) = {x1 , x2 , x3 , x4 , x5 } such that d(x1 ) = 3, d(x2 ) = 4,
d(x3 ) = 2, d(x4 ) = 3 and d(x5 ) = 1. Then the degree sequence of G, denoted in this survey as
D(G), would be {1, 2, 2, 3, 4}, where d1 = 1,d2 = 2,. . ., d5 = 4. Note that although there may
be numerous vertex enumerations that give equivalent degree sequences, D(G) is always unique.
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Due to it’s dependence on degree
sequence, Pósa’s theorem can also be
expressed graphically. Let G be an
arbitrary graph with |G| = n. Plotting
1, . . . , n against their corresponding
values of d1 , . . . , dn guarantees that G
is Hamiltonian, provided that D(G) lies
entirely within, or on the border of the
shaded area in Figure 5.
In contrast to Dirac’s theorem,
Pósa’s result can account for the
circumstance where almost half of
the vertices in G may have degree
less than n2 . Both Pósa’s and Ore’s
theorems consider the distribution of
edges throughout the graph. However,
Figure 5: Graphical representation of Pósa’s theorem
in comparison, Pósa’s result considers
the distribution of edges throughout the
whole system, not just between distinct pairs. Pósa’s theorem, alongside Dirac’s and Ore’s, is
sufficient but not necessary, meaning if D(G) satisfies di ≥ i + 1 for all i < n−1
, then Pósa’s
2
theorem can guarantee that G is Hamiltonian. However, if D(G) does not satisfy the conditions
of Pósa’s theorem, i.e. there exists 1 ≤ i < n−1
such that di ≤ i + 1, then Pósa’s theorem
2
cannot guarantee that G is not Hamiltonian.

2.2

Worked Example

In this section we will demonstrate and compare the applicability and range of Dirac’s, Ore’s
and Pósa’s theorem through a worked example. Figure 6 shows a Hamiltonian graph G with a
Hamilton cycle depicted with red edges. Which of our three theorems will suggest the existence
of this cycle within G?

Figure 6: An example of a Hamiltonian
graph, G

Figure 7: Graphical representation of
Pósa’s theorem for G

Dirac’s theorem: In this case, n = 14, so n ≥ 3. We have δ(G) = 2, therefore 2 
Dirac’s theorem cannot guarantee that G is Hamiltonian.
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n
2

= 7. Thus,

Ore’s theorem: Let a, c ∈ v(G) as shown. Observe ac ∈
/ e(G) , so a and c are a nonadjacent
pair of vertices within G. d(a) + d(c) = 6  n therfore Ore’s theorem cannot guarantee that G
is Hamiltonian.
Pósa’s theorem: D(G) = {2, 3, 4, 5, 6, 7, 7, 7, 7, 7, 7, 7, 8, 9} i <

n
2

=⇒ i ≤ 6

d1 = 2 = 1 + 1, d2 = 3 = 2 + 1, d3 = 4 = 3 + 1
d4 = 5 = 4 + 1, d5 = 6 = 5 + 1, d6 = 7 = 6 + 1
We can conclude that di ≤ i + 1 for all 1 ≤ i ≤ 6 so Pósa’s theorem guarantees that G is
Hamiltonian. Alternatively, plotting {1, 2, . . . , 6} against {d1 , d2 , . . . , d6 }, shows that D(G) lies
entirely within the shaded area (refer to Figure 7.) We can therefore also conclude that G is
Hamiltonian through graphical methods.

2.3

Chvátal’s Extention on Pósa

In 1973, Chvátal generalised these results by characterising degree sequences which guarantee a
Hamilton cycle [8]. This extension considers a range of Hamiltonian graphs from determining
the features of a single sequence. This major advancement culminated all earlier developments
in determining Hamiltonicity in a single theorem.
Theorem 4 (Chvátal, 1972). [8] An integer sequence (a1 , . . . , an ) such that 0 ≤ a1 ≤ . . . , ≤
an < n and n ≥ 3 is Hamiltonian if and only if the following holds for every i < n2 ,
ai ≤ i =⇒ an−i ≥ n − i.
The second of this proof is omitted due to length, however refer to page 217 in Diestel’s ‘Graph
Theory’ [10] to find the proof in full.
Proof. Let (a1 , . . . , an ) be an arbitrary integer sequence which satisfies ai ≤ i =⇒ an−i ≥ n − i
for all 1 ≤ i ≤ n2 . Our first aim is to prove that this is Hamiltonian. Assume for contradiction
that (a1 , . . . , an ) is not. take K to be the unique graph with (a1 , . . . , an ) as it’s degree sequence
(we stated this uniqueness in Section 2.1.) Then there exists a non-Hamiltonian, edge-maximal
graph G, with degree sequence (d1 , . . . , dn ) and |V (G)| = n, such that
di ≥ ai for all i ∈ {1, . . . , n}.

(1)

By (1) , our assumptions for (a1 , . . . , an ) also hold for (d1 , . . . , dn ), i.e.
di ≤ i =⇒ dn−i ≥ n − i for all 1 ≤ i ≤

n
2

(2)

Let x, y ∈ V (G) such that x =
6 y and xy ∈
/ E(G), which satisfy d(x) ≤ d(y) with d(x) + d(y)
of maximal value (familiar from Theorem 2.) Add the edge xy to G to obtain the graph G + xy
with degree sequence (d∗1 , . . . , d∗n ). Let x1 , . . . , xn be an enumeration of V (G + xy) such that
d∗i = d(xi ) for all i ∈ {1, . . . , n}. Notice that D(G + xy) is point-wise greater (equal or greater
than at every point) than D(G) since
(
di ,
if vi 6= x ∪ y
d∗i =
di + 1, if vi = x ∪ y.
It follows that G + xy is also point-wise greater than (a1 , . . . , an ). By the maximality of
G, we know that G + xy must be Hamiltonian and, more specifically, the edge xy must lie on
5

a Hamilton cycle H within G + xy. From this we deduce that H − xy is a Hamiltonian path
within G which we can express in the form:
H − xy = x1 , . . . , xn

with x1 = x and xn = y.

Next we consider the following sets:
I :={i | xxi+1 ∈ E(G)}
J :={j | xj y ∈ E(G)}.

and

Then I ∪ J ⊆ {1, . . . , n − 1} , and I ∩ J = ∅ since G does not contain any Hamilton cycles, hence
d(x) + d(y) = |I| + |J| < n.

(3)

So h = d(x) < n2 by choice of x. For all i ∈ I, xi y ∈
/ E(G) otherwise this would contradict
I ∩ J = ∅. All if these xi ’s were possible candidates for the x used when constructing our edge
xy (denote yi similarly.) Since d(x) + d(y) is maximal, we know that all unsuccessful candidates
in our choice for {x, y} must satisfy d(xi ) ≤ d(x) and d(yi ) ≤ d(y). Hence G must have at least
|I| = h vertices with degree of at most h. By (2) this implies that dn−h ≥ n − h. As d(x) = h,
one of these vertices, let’s say z, is not adjacent to x. Since
d(x) + d(z) ≥ h + (n − h) = n

(4)

this contradicts the choice of x and y by (3). So we have proved that if a sequence of integers
(a1 , . . . , an ) satisfies the conditions of the theorem, then it is indeed Hamiltonian.

2.4

Further Developments

In 1962, Pósa also proved that if δ(G) ≥ 2n
, then G contains the square of a Hamiltonian cycle.
3
kn
This was extended by Seymour in 1974 when he proved that if δ(G) ≥ k+1
, then G contains the
th
k power of a Hamilton cycle. Both these results are further extensions on Dirac’s theorem.
A graph G is said to be 3-connected if |G| ≥ 3 and remains connected whenever fewer than
3 vertices are removed. It is said to be D-regular if for every v ∈ V (G), d(v) = D. In 2015,
Staden proved that every sufficiently large 3-connected D-regular graph on n vertices with
D ≥ n4 contains a Hamilton cycle [25].

3

Hamilton Decompositions

By definition, a decomposition of a graph G is an edge-covering of G, therefore all decompositions
are maximal packings. The following proposition discusses the decomposition of all complete
graphs into Hamilton paths
Proposition 1 (Bosák, 1990). [9]. Let Kn denote the complete graph on n vertices such that
V (Kn ) = {x0 , x1 , , xn−1 }. For any n ∈ Z which satisfies n ≡ 0 mod 2, Kn can be decomposed
into n2 paths of length n. Let P (1), P (2), . . . , P ( n2 ) denote these paths, then
P (i + 1) = xi xi−1 xi+1 xi−2 . . . xi+ n2 −2 xi+ n2 +1 xi+ n2 −1 xi+ n2
for 0 ≤ i ≤ n2 − 1 where the subscripts of x’s are taken modulo n in the set of numbers
{0, 1, 2, ..., n − 1}.
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Can we extend these results to cover a decomposition of Kn
into Hamilton cycles? Through observation and deductive
reasoning we conjecture that a graph has a Hamiltonian
decomposition if and only if it is regular with an even
degree. This result is one of the earliest regarding Hamiltonian
decompositions, and was proved by Walecki in 1892 [25]. This
proof relies on the decomposition of Kn−1 into Hamilton paths
Figure 8:
A Hamilton
[7]. The remaining vertex is then added to Kn−1 and is used to
decomposition of K7
join the paths up into cycles, in turn creating Kn . In Figure 9
we provide proof that K9 can be decomposed into four Hamilton cycles using this method.
It is apparent from Proposition 1 that P (1), P (2), . . . , P ( n2 ) all have distinct endpoints. Since
these paths are not cyclic, both endpoints within a specific path are also distinct. From this we
deduce that every vertex within Kn−1 is an endpoints to exactly one of P (1), P (2), . . . , P ( n2 ).
Therefore when we introduce the remaining vertex, vn , and connect it to every endpoint, we are
essentially connecting it to every other vertex, therefore producing K9 .

Figure 9: Proof of Walecki’s theorem for K9
Nash-Williams highlighted the problem of generalising Walecki’s
theorem to cover all even-regular graphs when he conjectured that
every 2k-regular graph with at most 4k + 1 vertices has a Hamilton
decomposition [1]. A natural extension to Nash-Williams’ conjecture is
to contemplate the existence of Hamilton decomposition for all regular
graphs. In 1975, Auerbach and Laskar considered this and proved
that if the complete regular graph Kn is of odd degree, then it can
be decomposed into a union of disjoint Hamilton cycles and a single,
perfect matching [4]. We refer to this type of decomposition as a
1-Factor and classify it as a subset of Hamilton decomposition [1]. In
2014, Csaba, Kühn, Lo, Osthus and Treglown provided the following
theorem.

Figure 10:
An
example of a 1-factor
decompositions of
K8

Theorem 5 (Csaba, Kühn, Lo, Osthus and Treglown, 2014). [9] There exists
  an n0 ∈ N
such that the following holds. Let n, D ∈ N be such that n ≥ n0 and D ≥ n2 . Then every
D-regular graph G on n vertices has a decomposition into Hamilton cycles and at most one
perfect matching.
In thier 2018 paper, Lee and Chen [7] developed another subset on Hamilton decompositions
when they discussed the necessary and sufficient conditions for decomposing Kn into α Hamilton
cycles and β copies of S3 .
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3.1

Hamilton Decompositions of Digraphs

A digraph is an oriented graph in which all edges assigned directions
(we refer to oriented edges as ‘arcs’.) A tournament is an orientated
complete graph. Let G be a digraph and v ∈ V (G) be arbitrary. The
‘out-degree’ of v is the number of edges directed away from v and the
‘in-degree’ of v is the number of edges directed towards v. A digraph
is regular if and only if the in-degree is equal to the out-degree for any
v ∈ V (G). A Hamilton cycle in a digraph has all arcs oriented in the
same direction, therefore methods for determining Hamiltonicity within
Figure 11:
An
digraphs is more complex than in non-directed graphs. In comparison
example
of
a
to the HCP, this study is relatively new.
regular tournament
In 1970, Tilson showed that complete digraphs with n 6= 4, 6 vertices
of 5 vertices
have a Hamilton decomposition [22]. Kühn and Osthus extended this
result in 2013 when they provided a proof that there exists a Hamilton decomposition for any
regular digraph, provided it is sufficiently tough [9]. A graph G is said to be t-tough for a given
t ∈ N if, for every integer k > 1, G cannot be split into k different connected components by the
removal of fewer than tk vertices. Despite these impressive advancements, our most remarkable
result came from Kelly in 1968, who conjectured that every regular tournament has a Hamilton
decomposition [22].
In searching for a proof of Kelly’s conjecture, we do not require an analogue for Chvátal’s
theorem since we can already account for the size and distribution of the edge set for any regular
digraph. The difficulty of proving Kelly’s conjecture is due to the in-and-out-degrees being
unknown. This demanded the minds of numerous, dedicated mathematicians over many years.
In 1981, Jackson [17] provided our first result when he proved that every regular tournament on
at least 5 vertices, contains a Hamilton cycle and a Hamilton path which are arc disjoint [22].
Zhang developed this and demonstrated that every regular tournament has two arc disjoint
Hamilton cycles [22]. Thomassen and Häggkvist (1997) worked upon these results by considering
Hamilton cycles in oriented graphs of larger in-and-out-degree, joined in study by Kelly, Kuhn
and Osthus in 2008 [22]. A year later Keevash, Kuhn and Osthus made a breakthrough when
they showed that every sufficiently large digraph on n vertices whose in-and-outdegrees are all at
least 3n−4
are Hamiltonian. This result implies that every sufficiently large regular tournament
8
on n vertices contains at least n8 edge-disjoint Hamilton cycles, whereas Kelly’s conjecture
requires n−1
. In 2012, Birmingham mathematicians Kühn and Osthus finally solved Kelly’s
2
conjecture for large tournaments in an extensive proof over 90 pages [3, 11].

4

The Tree Packing Conjecture

The existence of a tree decomposition in a graph G makes it possible to deduce certain
connectivity and separation properties of G. This is one reason why tree decompositions are an
important motion within decomposition theory. Our first result originates back to 1959 when
Erdős and Gallai proved that every graph G which abides by the criterion e(G) > 12 |G|(k − 1) ,
contains a path P of length k. It was this discovery which lead Erdős and Sós to the following
conjecture in 1963:
Conjecture 1 (Erdős and Sós, 1963). [5] If G is a graph and e(G) > 21 |G|(k − 1) then G
contains every tree T with size k.
The emergence of this conjecture quickly sparked mathematical interest across Europe.
Within the same year, German mathematician Ringel developed this to focus upon packing
many copies of the same tree into Kn . He concluded the following:
8

Conjecture 2 (Ringel’s Conjecture, 1963). [5] If T is a fixed tree on n + 1 vertices, then
complete graph on 2n + 1 vertices decomposes into 2n + 1 copies of T .
Also inspired by Erdős’ and Gallai’s work, the Hungarian mathematician Gyárfás began to
speculate about the existence of the containment of tree sequences within Kn . He hypothesised
in 1976 that any Kn decomposes into the set of trees T2 , . . . , Tn . This is famously regarded as
the ‘Tree Packing Conjecture’ (TPC), and is one of the most well-known suppositions within
decomposition theory.

Figure 12: A decomposition of K5 into trees
Conjecture 3 (Gyárfás, 1976). [5] Let Ti be a tree on 2 ≤ i ≤ n vertices. Then the set of trees
T2 , . . . , Tn has a packing (or, more specifically, a decomposition) into Kn (the complete graph
on n vertices).
In smaller complete graphs, this property can be proved
through an exhaustive search of all possible decompositions.
This is clearly observed for K4 since there are only two
possible tree decompositions with differing, non-isomorphic
components. However, as the value of n increases, this
method becomes progressively more difficult to execute.
Although the TPC has yet to be proved in full, it has been
shown to hold for multiple cases, some of which we will
cover in this section.

4.1

Figure 13:
The only two
tree decompositions of K4 with
non-isomorphic components

Star Decompositions

A star, denoted Sr , is a tree with one internal vertex v, such that d(v) = k, and k external
vertices all of singular degree. Since stars are a subset of trees, we initially focus upon star
decompositions of complete graphs with the intention of extending our results to cover general
tree decompositions. Our first result is derived empirically. Suppose n ∈ N. Let T≤n denote
the set of all trees on 1 ≤ i ≤ n vertices and let S≤n denote the set of all stars on 1 ≤ i ≤ n + 1
vertices. S≤n ⊂ T≤n is trivial. It follows from basic intuition that, for any n ∈ N, Kn can be
decomposed into the sequence of stars {Si : i ≤ i ≤ n − 1} as shown in Figure 14. In 1974,
Cain extended this result when he proved that every complete graph decomposes into k-stars
(k ≤ n) if and only if k is odd or n is an even multiple on k [6]. We explore some other types
star decompositions further in Section 5.
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Figure 14: Decomposition of K8 into a sequence of stars

4.2

Proving the Tree Packing Conjecture

It is perhaps down to these results within star decompositions, that Gyárfás and Lehel found
motivation when constructing their 1978 theorem.
Theorem 6 (Gyárfás and Lehel, 1978). [5] Any sequence of trees T2 , . . . , Tn such that all but
two are stars, can be packed into Kn .
There have been many subsequent adaptations of this theorem. In 1988 Roditty confirmed
the TPC holds when all but three trees are stars. Gyárfás and Lehel also showed that this
holds when each tree is either a path or a star. Despite these advancements, the TPC was still
considered wide open until the current decade [20]. Finally, there was a breakthrough in 2013
when Böttcher, Hladký, Piguet and Taraz achieved a remarkable result which approximately
answered both conjectures for bounded degrees
Conjecture 4 (Böttcher, Hladký, Piguet and Taraz, 2013). [5] Let ∪i∈S Ti denote a family of
trees for some S ⊂ N such that all trees in the family abide by the following:
• ∆(Ti ) ≤ σ for any i ∈ S,
• |V (Ti )| ≤ (1 − δ)n, for any i ∈ S,

• |E(Ti )| ≤ (1 − δ) n2 for any i ∈ S.
Then provided that n is sufficiently large given the constants σ ∈ N and δ > 0, we can conclude
that ∪i∈S Ti packs into Kn .
This result was solidified in 2016 when Joos, Kim, Kühn, Osthus and tyomkyn officially
proved that the TPC holds for all bounded degree trees [22]. Osthus’ lengthy and intricate proof
(almost 55 pages!) relies on a broad range of mathematical knowledge including Szemerédi’s
regularity lemma, work regarding Hamilton decompositions of robust expanders, random walks,
iterative absorption as well as a recent blow-up lemma for approximate decompositions. It is
left to find a proof that there exists a decomposition of any Kn into a sequence of un-bounded
trees (sequences that lack an upper bound.)

5

Star Decompositions of Bipartite Graphs

A bipartite graph G(a,b) is a graph in which the vertex set can be partitioned into two independent
and distinct vertex sets, A and B, such that every edge in G(a,b) has one of it’s endpoints in
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A and the other endpoint in B. Denote |A| as a, and |B| as b. G(a,b) is said to be k-regular
if every vertex in G(a,b) has degree k. We say a bipartite graph G(a,b) is complete, and denote
G(a,b) as K(a,b) , if and only if E(G(a,b) ) = {xy | x ∈ A , y ∈ B}. We say that it is square complete
if and only if a = b.

5.1

Square Complete Bipartite Graphs

To find a process of star decomposition in general bipartite graphs,
we first focus upon decomposing complete, square bipartite graphs
with the aim of extending our results to cover complete and k-regular
bipartite graphs. Focus on K(4,4) . V (K(4,4) ) = {A, B} such that
A = {A1 , A2 , A3 , A4 } and B = {B1 , B2 , B3 , B4 }. We can therefore
express the vertex set of K(4,4) as the union of A and B.
V (K(4,4) ) = A ∪ B
= {A1 , A2 , A3 , A4 , B1 , B2 , B3 , B4 }
= {A1 , B1 , B2 , B3 , B4 } ∪ {A2 , B1 , B2 , B3 , B4 }
∪ {A3 , B1 , B2 , B3 , B4 } ∪ {A4 , B1 , B2 , B3 , B4 }
= ∪4i=1 {Ai , B} = ∪4i=1 {A, Bi }

Figure 15:
Venn
diagram of bipartite
graphs

Take an arbitrary i ∈ {1, 2, 3, 4}. The sub-graph of G obtained by {Ai , B} consists of the
central vertex Ai and |B| edges connecting Ai to every vertex in B. Succinctly this is the
definition of a star! Let i, j ∈ {1, 2, 3, 4} with i 6= j. We next prove that the sub-graphs of G,
{Ai , B} and {Aj , B}, are edge disjoint. Since an edge cannot exist between any two vertices
within A and E{Ai , B} and E{Aj , B} only consist of edges between B and i and j respectively,
we know that {Ai , B} and {Aj , B} must be edgewise disjoint. This shows that any square,
complete bipartite graph can be expressed as the union of n edge-disjoint Sr where r = n. Can
the range of r be increased? What about other values of r, such that r ≤ n? In 2015, Lim
presented the following lemma:
Lemma 1 (Lim, 2015). [23] If the degree of every vertex in a partite set U of a bipartite graph
G is divisible by r, then there exists an Sr -decomposition of G.
Note that, although omitted from this paper the proof of this lemma can be found in Lin’s
2015 paper ‘Decomposition of Multicrowns into Cycles and Stars’. This provides us with the
insight behind our first theorem regarding star decompositions.
Theorem 7 (Lin, 2015). [23] The graph K(p,p) decomposes into Sr if and only if p2 is divisible
by r and r ≤ p.
We will only be proving the ‘if ’ section of the proof due to length restraints.
Proof. Let A and B denote the vertex classes of K(p,p) such that |A| = |B| = p with ai
and bi denoting the ith elements of A and B respectively. Let e ∈ E(K(p,p) ) be arbitrary.
Then e = {ai bj | ai ∈ A, bj ∈ B for some i, j ∈ {1, . . . , p}}. Therefore, |E(K( p, p))| can be
expressed as Σpi=1 d(Ai ). Since K(p,p) is complete, d(Ai ) = p for any i ∈ {1, . . . , p}. Therefore
|E(K( p, p))| = Σpi=1 p = p2 .
Assume K(p,p) has a uniform decomposition into Sr and let M denote this set. Since
M is a uniform set, every element of M must have the same number of edges and vertices.
For contradiction, assume that K(p,p) has a uniform Sr decomposition, with r - p2 . Since a
decomposition is a type of edge-covering, the number of edges within all of M must divide the
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number of edges in K(p,p) . We previously showed that |E(K(p,p) )| = p2 . Combining these two
statements attains r||E(K( p, p))| =⇒ r|p2 - a contradiction!
Next suppose r > p. Intuitively, we predict that this would also lead towards a contradiction
as r > p =⇒ r - p2 . For every v ∈ V (K(p,p) ), d(v) = p. Let H be a sub-graph of G. Then
for any u ∈ V (H), d(u) ≤ p. Sr has maximum degree r. Since r >p, there cannot exist a
sub-graph of K(p,p) which is isomorphic to Sr , so conclude that r ≤ p. We now show that these
two conditions are sufficient. r|p2 , r ≤ p yield the following cases:
Case 1: r|p,
Case 2: r - p and r is not square,
Case 3: r - p and r is square.
We will now consider each case individually.
Case 1
If r|p then there exists m ∈ N such that r · m = p ⇔ m = pr . As previously stated for all
v ∈ K(p, p), d(v) = p = w · r. So the degree of every vertex in the sets A and B of K(p,p) is
divisible by r. By Lemma 1, we can conclude that there is an Sr decomposition of K(p,p) .
We omit cases 2 and 3 due to length.

5.2

Further Developments

In 1978, Tazawa, Ushio and Yamamoto focused study star decompositions for complete bipartite
graphs, showing that K(m,n) decomposes into k-stars (k ≤ n, m) if and only if k|m·n or k|m∪k|n.
In 1982, Ushio developed his previous work and proved that there exists a S3 decomposition
for complete-tripartite graphs [23] (detailed proof in Lin’s 2015 thesis.) An extension of these
findings came when Jackobson (1991) looked at double star decompositions showing that every
r-regular bipartite graph can be decomposed into double stars.

6

Combinatorial Design Theory

In this section we will introduce the notion of combinatorial design theory [19], which is essentially
the study of finite sets satisfying certain balance and symmetry conditions [15]. Section 3 covered
an application of this when we discussed 1-factors as a subset of Hamilton decompositions,
however the concept is surprisingly tricky to grasp. Combinatorial design theory has close
ties to several other areas of mathematics including group, number, combinatorial matrix,
and graph theory. Its origins date back to 19th century recreational mathematics and early
geometry [24]. Technological advancements of the last four decades has allowed combinatorial
design theory to flourish into a vibrant branch of combinatorics complete with its own aims,
methods and problems. It has found substantial applications in a wide range of academia and
is not only restricted to mathematics. These include information theory, statistics, computer
science, biology, and engineering. The main problems in combinatorial design theory are in
areas regarding existence, enumeration, structural properties, and applications of designs [12].
In fact, many of these problems, for example those regarding Latin squares and Hadamard
matrices, can be described in terms of decompositions of graphs.

6.1

Latin Squares

The main study within combinatorial design theory which we will focus upon is the study of
Latin squares. A Latin square is an n × n grid filled with n different symbols in such a way that
each symbol appears only once in each row or column. A pair of n × n Latin squares are defined
as orthogonal if, when superimposed, the resulting square contains all possible n2 ordered pairs
of entries. Greaco-Roman squares are a type of Latin square that are created when a pair of
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orthogonal Latin squares are super-imposed to include both attributes in each position of the
grid.
The earliest found application of Latin squares dates
back to the 13th century where they were discovered within
intricate Islamic amulets as complex designs referred to
as ‘wafq majazi’ [27]. These later re-appeared in the 16th
century within a more educational context, when they were
depicted within the margins of a medical textbook. They
Figure 16: Two examples of a 5×5
resurfaced again in 1694 when Ozanam posed the problem
Latin-Square
of positioning 16 playing cards (consisting of all the picture
cards in a standard 52-card deck) in a square such that no
row or column contained more than one card of each suit and rank [27]. It follows that any one
of the 144 solutions (there are even more if you include symmetrical transformations) can be
expressed as a Graeco-Roman square of order four with respective attributes of suit and rank.
A famous problem within design theory regarding Latin squares follows.

6.2

Euler’s 36 Officer Problem

Imagine we had 36 fridge magnets evenly partitioned
into 6 different colours with each colour consisting of 6
different shapes. Would it be possible to arrange these
on a 6 × 6 grid so that no two magnets of the same shape
or colour are present in the same row?
Despite looking like a typical Sunday-newspaper
puzzle, this problem is more complex than you might
first imagine. It’s solution relies upon the study
of Graeco-Roman squares.
This puzzle provoked
the interest of perhaps one of the most prolific
mathematicians of all time, Euler, who went on to
explore these squares extensively in his 1782 paper
[13]: ‘Recherches sur une nouvelle espece de Quanrres
Magiques.’ Alongside his paper, Euler proposed his
famous 36-officer problem where he questioned the
following:

Figure 17: A solution to Euler’s 36
Officer Problem for order 5

‘Suppose six different regiments have six officers, each one belonging to different ranks. Can
these 36 officers be arranged in a square formation so that each row and column contains one
officer of each rank and one of each regiment?’
After a few attempts, the challenger might speculate that the problem yields no solution,
however further attempts demonstrate that changing the order by plus or minus 1 simultaneously
provides a square in which lies a solution. Whether or not the problem can be solved depends on
questioning if there are any restraints on order which will affect the resolution of the problem.
Euler gave hundreds of examples of Greaco-Roman squares yet failed to provide a rigorous
proof. Instead he introduced a mutually orthogonal Latin square to reach his conjecture that
for any n ∈ N, any grid of order 4n + 2 has no solution. Euler’s 36 officer problem attracted
the attention of countless exceptional minds, yet lay dormant for over 130 years until 1901,
when French mathematician Terry, after exhaustive search, proved it was unsolvable [14]. No
elegant proof was offered until 1960 where Bose, Shrikhane and Parker proved the existence of
all Graeco-Roman squares except for orders 2 and 6 with the help of new-found technology [14].
In 1993, Dougherty, using algebraic coding theory, provided a proof of the non-existence of two
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mutually orthogonal Latin squares of order 6, thus offering an alternative proof to Euler’s 36
officer problem.

6.3

The Oberwolfach Problem

Another famous and complex problem within combinatorial design theory is the ‘Oberwolfach
Problem.’ In 1967 a group of distinguished mathematicians gathered in Oberwolfach, to discuss
recent advancements and puzzles within Graph Theory. At this conference they questioned
whether it is possible to seat an odd number m of mathematicians at n round tables in (m−1)
2
meals such that each mathematician sits next to everyone else exactly once [28]. After reducing
this wordy explanation down to wholesome mathematics, we observe that, essentially, the
‘Oberwolfach Problem’ asks for a decomposition of Km into edge disjoint copies of a given
2-factor. A finite 2-regular graph is a collection of cycle graphs, so a 2-factor is the union of
cycle graphs. Therefore we can classify the ‘Oberwolfach Problem’ as a problem regarding
non-uniform cycle decompositions.

7

Conclusion

The importance of graph packings and decompositions is prevalent in both the real world
and in hypothetical mathematical scenarios. There are countless other graph theory problems,
extending back hundreds of years such as Dudney’s ‘Handcuffed Prisoner Problem’ (early 1800’s),
and Kirkman’s ‘15 Strolling School Girls Problem’ (1850) [2]. In fact, it follows that many of
graph theory’s famous puzzles can be interpreted and solved as packing and decomposition
problems. For example suppose a number of houses are connected by a system of roads. Is it
possible to visit all the houses exactly once, without traveling any road twice? This problem
holds similarities towards both the ‘Königsberg Bridges Problem’, and the infamous ‘Travelling
Salesman Problem.’ It’s solution relies upon identifying a packing of Hamiltonian cycles within
the network of roads.
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